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Abstract—Genetic and Evolutionary Algorithms (GEAs)
rely on operators such as mutation and recombination
to introduce variation to the genotypes. Because of their
crucial role and effect on GEA performance, several studies
have attempted to model and quantify the variation induced
by different operators on various genotypic representations
and GEAs. One metric of particular interest is the locality
of genetic operators and representations, or how sensitive
the phenotype is to small changes in genotype. Consequently, there is a considerable body of empirical work on
the effects that different representations have on locality,
with an emphasis on several popular representations, such
as Gray encoding, and popular variation operators, such
as single-bit mutation and single-point crossover.
Here, we compute and prove tight upper and lower
bounds on locality. We first precisely define our locality
metrics for the single-point mutation and generic crossover
operators by reformulating Rothlauf’s seminal definitions
specific to the binary-to-integer domain of representations.
We then prove lower and upper bounds for single-point
mutation locality by reducing the problem to mappings on
hypercubes, and present constructive algorithms to generate representations of both optimal and pessimal locality.
We also compute asymptotic bounds for generalized locality
under any crossover operator.
Our primary result is that the single-point locality of
standard binary encoding is provably as good as BinaryReflected Gray encoding, while other Gray encodings,
which we construct, have worse locality. Another important
result is that the generalized locality of any nonredundant
binary-to-integer representation quickly converges to the
same value, meaning that this metric cannot discriminate
among representations and may therefore lose its usefulness
for binary-integer representations.

I. I NTRODUCTION
Genetic and Evolutionary Algorithms (GEAs) solve
optimization and search problems by codifying a population of possible solutions, evaluating them for fitness,
and iteratively modifying them in an attempt to improve
their fitness. The digital manifestation of the solutions
are called genotypes, and their interpretations into the
specific problem domain are called phenotypes. The
function that maps from genotypes to phenotypes is
simply called the representation, and it can have a
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significant impact on the success and speed of the GEA
to approximate optimal solutions. Consequently, many
empirical and theoretical studies investigated the effects
of representation on GEA performance under different
variation operators (Sec. II).
Variation of genotypes is a key component of evolution, both biological [1] and computational [2]. Perhaps
the most common operator for variation in GEAs is
mutation, which may be combined with another operator, recombination [3]. Typical implementations of
the mutation operator embody a localized change to an
individual genotype. Contrast this with recombination,
which requires two or more individuals and often involves nonlocal changes to the genotypes.
One popular example is point mutation, a simple mutation operator which randomly changes one allele at a
time. Even within point mutation there are variations and
parameters that control the magnitude of the genotypic
change. Thus, in a search GEA, mutation can be used
both for exploration—sampling many disparate parts
of the search space—and for exploitation—thoroughly
searching in a localized subspace [4].
An important property of mutation that can increase
the predictability and interpretability of the GEA is to
have “good locality,” which we informally define here as
the property that small variations in the genotype lead to
small variations in the phenotype [5]. Good locality implies better control of the GEA, because tuning mutation
for a certain magnitude of changes in the genotype—
the inputs to the search—leads to an expectation of the
magnitude of changes in the phenotype—the outcome of
the search. Note that the mutation operator is intricately
tied to the representation. It is the combination of the
mutation operator and representation that determines the
magnitude of phenotypic change. Often, the discussion
of locality assumes a fixed mutation operator, such as
uniform bit flips or Gaussian differences, and focuses
on the representation, such as standard binary or Gray.
In his seminal book, Rothlauf presented a theoretical
framework for comparing representations based on three
aspects: redundancy, scaling, and locality [6]. Rothlauf
proposed two metrics to quantify the locality of repre-

sentations, one specifically for point mutation (simply
called “locality” in the book) and one for any variation
operator (called “distance distortion”).
This paper focuses on these metrics when applied
to a widely used subclass of representations, namely
nonredundant translations from bitstring genotypes to
nonnegative integer phenotypes. Our main contributions
are proofs of several properties and limitations of these
two metrics. For point mutation, we show not only that
standard binary (SB) and Binary-Reflected Gray (BRG)
representations have identical locality for any bitstring
length, but also that it is optimal. For generalized locality,
we show that this metric—both Rothlauf’s and our
derived form—is not actually useful, because its value
does not meaningfully depend on the representation.
. In the next section, we delve deeper into Rothlauf’s
and others’ definitions of locality and how they have
been used in the past. Then, in Sec. III, we derive new
lower and upper bounds on point locality, as well as
asymptotic limits for general locality. The main result
of our bounds is that Gray encoding offers no locality
advantage over standard binary encoding, even though
some studies that found Gray encoding empirically superior, for reasons other than locality. Finally, we discuss
possible ramifications for this finding and propose ideas
for future research in Sec. IV.
II. BACKGROUND
Because of the strong impact of representations on
GEA performance, there have been several attempts
to formalize and measure the effects of representation
locality [7]–[12]. These measures have been applied to a
variety of phenotype classes, such as floating-point numbers [5], computer programs [7], [13], permutations [14],
and trees [15], [16]. Many of these approaches focus
on measuring the effect of genotypic changes on fitness
distances [9]. A more general approach is to limit the
scope to the effect on phenotypic distances, because it
provides a locality measure of a representation that is
independent of fitness function.
The foundational locality definitions for our study and
several others [17], [18], come from Rothlauf’s treatise
of the theory of GEA representations [6]. Rothlauf
defines the locality dm as:
def

dm =

X

|dpx,y − dpmin |

(ibid. Eq. 3.23),

g
dg
x,y =dmin

where for every two distinct genotypes x, y, dgx,y is
the genotypic distance between x and y, and dpx,y is
the phenotypic distance between their respective phenotypes, based on our metrics of choice for genotypic and
phenotypic spaces. Similarly, dgmin and dpmin represent
the minimum possible distance between genotypes or

phenotypes, respectively.1 For example, for nonredundant representations of integers as bitstrings (the focus
of this paper), genotypic distances are measured by
Hamming distance and phenotypic distances use the
usual Euclidean metric in N.
This definition “describes how well neighboring genotypes correspond to neighboring phenotypes” (ibid.
p. 77), which is valuable for measuring small genotypic
changes, typically resulting from a single mutation.
Extending this notion to include large genotypic changes,
e.g., from a recombination operator, Rothlauf defines
distance distortion dc as:
def

dc =

2
np (np − 1)

np
np
X
X

|dpxi ,xj −dgxi ,xj | (Eq. 3.24),

i=1 j=i+1

where np is the size of the search space, and
dpxi ,xj , dgxi ,xj are the phenotypic and genotypic distance,
respectively, between two individuals xi , xj . The term
2
1
np (np −1) is equal to (np ) , the proportion of each distinct
2
pair of individuals. This definition “describes how well
the phenotypic distance structure is preserved when
mapping Φp on Φg ”, where Φp is the phenotypic search
space and Φg is the genotypic search space (ibid. p. 84).
Similar in spirit, Gottlieb and Raidl [9] also defined
a pair of locality metrics for mutation and crossover
operators called mutation innovation and crossover innovation. They additionally defined crossover loss, which
measures the number of phenotypic properties that are
lost by crossover. These metrics are probabilistic and
empirical in nature, so they are harder to reason about
analytically. But they have been demonstrated in practice
to predict relative GEA performance on the multidimensional knapsack problem [5], [19].
In a different study, Chiam et al. defined the concept
of preservation, which “measure the similarities between
the genotype and phenotype search space” [17]. Their
study uses Hamming distance between genotypes and L2
norms between phenotypes to define analogous metrics
to Rothlauf’s (called proximity preservation and remoteness preservation), but looking in both directions of the
genotype-phenotype mapping. The authors demonstrated
empirically (as we prove in the next section), that SB and
BRG encodings have the same genotype-to-phenotype
locality, but not phenotype-to-genotype locality. They
also predicted, based on this similarity, that crossoverbased GEAs would perform about the same with both
binary and Gray encodings, which contradicts some past
empirical results [20].
A different approach to approximating locality was
given by Mathias and Whitley [21], and indepen1 This definition has changed from the book’s first edition to better
match reader intuition and for simpler computation.

dently, by Weicker [22], using the various norms of
the phenotype-genotype distance matrix for different
representations. The studies did not draw performance
predictions from these metrics.
In this study we build on Rothlauf’s definitions because they are both independent from the fitness function, and explicitly computable in our domain. It is
worth repeating that our definitions of locality are simply
reformulations of Rothlauf’s definitions for the domain
of nonredundant binary-integer representations, which
we will refer to “representations” for brevity. In the next
section we proceed to analyze the theoretical limits of
these metrics.
III. R ESULTS
A. Definitions
We define a representation r : {0, 1}` → [0, 2` ) as a
bijection between the set of `-bit bitstrings {0, 1}` and
the discrete integer interval [0, 2` ). This ensures that the
representation is not redundant – i.e., every integer in
the interval [0, 2` ) is represented by exactly one `-bit
bitstring, and the number of search-space points np is
exactly 2` . A representation r can therefore be equivalently described as a permutation π : [0, 2` ) → [0, 2` ),
where π(i) = j if and only if the SB representation
of i maps to j under r. Consequently, we can write π
as a 2` -tuple, where the ith coordinate (starting at 0) is
π(i). We also use the notation ŝi to denote the binary
string produced from flipping the ith coordinate of the
binary string s ∈ {0, 1}` . Formally, ŝi = s ⊕ 2i , where
⊕ denotes exclusive-or.
We can now develop an equivalent definition to Rothlauf’s locality that is specific to our domain, using units
that we find more intuitive. We define the point locality
pr for a nonredundant bitstring-to-integer representation
r as the mean change in phenotypic value for a uniformly
random single-bit flip in the genotype. More formally:
Definition 1. The point locality pr for a representation
def
r is pr = |r(ŝi ) − r(s)| ∀s ∈ {0, 1}` , ∀i ∈ [0, `).
Explicitly,
P P
|r(ŝi ) − r(s)|
def
pr = s i `
.
(1)
2 ·`
Note that for a fixed value of `, our definition of pr
is just a linear transformation of Rothlauf’s dm . In our
domain, dm simply sums the phenotypic distances minus
one between all distinct genotypic neighbors, while
pr computes the average phenotypic distance between
all ordered pairs of genotypic neighbors. Note that in
Rothlauf’s dm , dpmin occurs in the summation l·2l times.
Coupled with the fact that dpmin = 1 in our domain, we
have the relationship:
2dm + `2`
dm
= `−1 + 1.
pr =
`
`2
`2

We also develop an equivalent definition to Rothlauf’s
distance distortion, called general locality, that is tailored
to our domain. We define the general locality gr for a
representation r as the mean difference between phenotypic and genotypic distances between each unique pair
of individuals. More formally:
Definition 2.
def 1
gr = 2` 
2

X

|dp (s1 , s2 ) − dg (s1 , s2 )|,

(2)

(s1 ,s2 )∈S`

where S` is the set of all unordered pairs of {0, 1}`
`
(so |S` | = 22 ), dp (s1 , s2 ) is the phenotypic distance |r(s1 ) − r(s2 )|, and dg (s1 , s2 ) is the genotypic
(Hamming) distance between s1 and s2 . Note that our
definition of general locality mirrors Chiam’s remoteness
preservation and
equivalent to Rothlauf’s
dc
Pnp isPalso
P
np
metric, since i=0
j=i+1 is identical to
(s1 ,s2 )∈S` .
It is worth repeating previous observations that high
values of dm , dc , pr , or gr actually denote low locality
while low values denote high locality [7]. To avoid
confusion, we will refer to low metric values as strong
locality and high metric values as weak locality.
B. Single-Bit Mutation
Our analysis of single-bit mutation proves lower and
upper bounds on pr , computes pr for SB and Gray representations, and verifies the existence of representations
with maximum pr .
Theorem 1 (Lower bound). pr ≥

2` −1
` .

Proof. We reduce the problem of minimizing locality to
another problem, that of enumerating nodes on a hypercube while minimizing neighbor distances, for which
lower and upper bounds have already been established
def
by Harper [23]. We use the term ∆ij = |i − j| to denote
the absolute difference between the numbers assigned
to two adjacent vertices i and j on the unit `-cube.
The unit `-cube consists of all elements in {0, 1}` . Two
vertices in the `-cube are adjacent if they differ by only
one bit (i.e., they have Hamming distance 1). Note that
assigning a number n to a vertex i can be thought of as a
representation r mapping i to n, or r(i) = n. Therefore,
we have ∆ŝi s = |r(ŝi ) − r(s)| for adjacent vertices ŝi
and s, since a 1-bit difference is equivalent to a single
bit-flip
mutation. Furthermore, Harper defines the sum
P
∆ŝi s to be the sum of the absolute difference between
two adjacent vertices ŝi and s that runs over all possible
pairs of neighboring vertices in the `-cube. Note that
X
XX
2
∆ŝi s =
|r(ŝi ) − r(s)|,
s

i

since the RHS computes |r(ŝi ) − r(s)| twice for every
ordered pair.

P
Harper proved that ∆ŝi s ≥ 2`−1 (2` −1). Therefore,
P P
|r(ŝi ) − r(s)|
pr = s i `
2 ·`
P
2 ∆ŝi s
=
2` · `
2(2`−1 (2` − 1))
≥
(ibid.)
2` · `
2` − 1
=
.
`

Corollary 2. Standard binary encoding is optimal,
`
meaning that it has the strongest point locality 2 `−1 .

In other words, the sum of the differences obtained by
flipping the leftmost bit over all `-bit bitstrings in BRG
encoding is 22`−1 .
Proof. Consider the recursive nature of BRG codes [24].
Let L` be the ordered list of `-bit BRG codes where L` [i]
is the bitstring that maps to i. Note that 2` is the length
of L` and [ ] denotes list indexing. The left half of L`
contains L`−1 prefixed with 0 and the right half of L`
contains L`−1 in reverse order prefixed with 1. Flipping
the leftmost bit of L` [i] will yield L` [2` − 1 − i]. Thus,
X
|BRG(ŝ`−1 ) − BRG(s)|
s∈{0,1}`

Proof. SB encoding is also a representation—call it
SB. We consider pSB :

=

X

|SB(ŝi ) − SB(s)| =

i

`−1
X

2i = 2` − 1,

|BRG(L` [2` − 1 − i]) − BRG(L` [i])|

i=0

=

P P

|SB(ŝi ) − SB(s)|
.
pSB = s i
2` · `
P
The inner sum i |SB(ŝi ) − SB(s)| computes the sum
of all differences obtained from flipping the ith bit of a
given SB string s. Flipping the ith bit elicits an absolute
phenotypic difference of 2i for any s and i, reducing the
inner sum to:

`
2X
−1

`
2X
−1

|2` − 1 − i − i|

i=0

=

`
2X
−1

|2` − (2i + 1)|.

i=0

Note that for a given i ∈ [0, 2` − 1],
(
2` − (2i + 1)
`
|2 − (2i + 1)| =
(2i + 1) − 2`

i=0

since it is a geometric series with common ratio 2. Now
since therePare 2` elements in {0, 1}` , the outer sum
reduces to s (2` − 1) = (2` )(2` − 1). Combining these
lets us compute pSB :
P P
|SB(ŝi ) − SB(s)|
pSB = s i
2` · `
2` (2` − 1)
=
2` · `
`
2 −1
=
,
`
which is the lower bound given by Theorem 1. Thus, SB
has optimal point locality.
Corollary 3. Binary Reflected Gray (BRG) encoding is
also optimal.
Proof. Let BRG notate the representation for Binary
Reflected Gray and

which lets us split the sum to
=

2`−1
X−1

`

2 − (2i + 1) +

i=0

=

s

i

`

2 −

2`−1
X−1

i=0

(2i + 1) +

i=0

We start by proving the following two lemmas:
P
Lemma 4.
s∈{0,1}` |BRG(ŝ`−1 ) − BRG(s)|
2`−1
2
.



(2i + 1) +

i=0
`
2X
−1

(2i + 1) −

(2i + 1) −

`
2X
−1

i=2`−1

2X
−1

(2i + 1) − (2`−1 )(2` )

`−1

i=2
2`−1
X−1

(2i + 1).

i=0

i=2`−1

Splitting the left sum and using the facts that the sum
of the first n odd numbers is n2 ,
`

2X
−1
2`−1
X−1
=
(2i + 1) −
(2i + 1) − (2`−1 )2
i=0
`−1 2

= (2 ) − (2

) − (2`−1 )2

= 22` − 2 · 22`−2
= 22` − 22`−1
=

2`

`

2X
−1

= (2`−1 )(2` ) −

`
2X
−1

i=2`−1

`−1

=

(2i + 1) − 2`

i=2`−1

2`−1
X−1

` 2

|BRG(ŝi ) − BRG(s)|
.
2` · `

`
2X
−1



i=0

P P
pBRG =

i < 2` /2
i ≥ 2` /2,

= 22`−1 .
P
Thus s∈{0,1}` |BRG(ŝ`−1 ) − BRG(s)| = 22`−1 .

Lemma 5.

P P
s

i

|BRG(ŝi ) − BRG(s)| = 22` − 2` .

Proof. We proceed with induction on `. For the base case
(` = 1), the set {0, 1}1 contains two BRG codes, {0, 1},
whichP
corresponds
to the integers 0 and 1, respectively.
P1−1
Thus s∈{0,1}1 i=0 |BRG(ŝi ) − BRG(s)| = 1 + 1 =

X

`
X

|BRG(ŝi ) − BRG(s)| =

s∈{0,1}`+1 i=0

X

|BRG(ŝ` ) − BRG(s)| +

=

`−1
X

!
|BRG(ŝi ) − BRG(s)|

i=0

s∈{0,1}`+1

X

2 = 22·1 − 21 .
For the inductive
P P hypothesis (I.H.), assume for some
` ∈ N that s i |BRG(ŝi ) − BRG(s)| = 22` − 2` .
P
P`
We must now show that s∈{0,1}`+1 i=0 |BRG(ŝi ) −
BRG(s)| = 22(`+1) − 2(`+1) . Note that in the inductive
step, we are working with strings of length ` + 1.

`−1
X

s∈{0,1}`+1 i=0

By I.H. and the fact that there are two copies of the
`-bit BRG code in the (` + 1)-bit BRG code,
X
= 2 · (22` − 2` ) +
|BRG(ŝ` ) − BRG(s)|.
s∈{0,1}`+1

By Lemma 4,
= 2 · (22` − 2` ) + 22(`+1)−1
= 22`+1 − 2`+1 + 22`+1
= 2 · 22`+1 − 2`+1
= 22(`+1) − 2(`+1) .

Now we can prove Corollary 3. Considering pBRG :
P P
|BRG(ŝi ) − BRG(s)|
pBRG = s i
2` · `
2`
`
2 −2
Lemma 5
=
2` · `
2` (2` − 1)
=
2` · `
2` − 1
,
=
`
which is the lower bound given by Theorem 1.
Note that this equivalence in locality has already been
demonstrated empirically for small values of ` [17], but
this proof holds for all values of `.
Claim 6. There exists a Gray encoding g with subopti`
mal point locality pg > 2 `−1 for any ` ≥ 3.
Proof. Recall the `-cube, {0, 1}` , that contains all `-bit
bitstrings. A bitstring b ∈ {0, 1}` has ` neighbors that are
all Hamming distance one away. We can therefore reduce
the problem of constructing a Gray code to constructing
a Hamiltonian path on the `-cube. Recall in Theorem 1

|BRG(ŝi ) − BRG(s)| +

X

|BRG(ŝ` ) − BRG(s)|.

s∈{0,1}`+1

that we mapped theP
problem of minimizing locality to
that of minimizing
∆ŝi s . In the same paper, Harper
[23] formulates an algorithm that
P provably generates all
representations that minimize
∆ŝi s , as follows:
1. Assign 0 to a random vertex.
2. For i from 1 to 2` − 1, assign i to the vertex with
the highest number of already labeled neighbors. If
there are multiple vertices with this property, choose
one at random.
Our goal is to construct a Hamiltonian path that violates this algorithm, which in turn will have suboptimal
point locality, because Harper’s algorithm generates all
representations with optimal point locality.
Our modified algorithm starts by assigning 0 to vertex
0`−3 000, where the notation 0`−3 denotes an `−3 length
bitstring of all 0s. We then assign 1 to 0`−3 001 and
assign 2 to 0`−3 011. The above algorithm would force
us to assign 3 to 0`−3 010 if we wanted to produce an
optimal Gray code. Instead, we assign 3 to 0`−3 111,
which violates the algorithm. Assuming ` ≥ 3, we can
complete the remainder of the Hamiltonian path from
0`−3 111 to 0`−3 000 with the remaining edges [25], thus
`
constructing a Gray code g with pg > 2 `−1 .
Theorem 7 (Upper bound). pr ≤ 2`−1 .
Proof. We use P
another result from Harper [23], where
he proved that
∆ŝi s ≤ `22(`−1) . We have
P P
|r(ŝi ) − r(s)|
pr = s i `
2 ·`
P
2 ∆ŝi s
=
2` · `
2(`22(`−1) )
≤
(ibid.)
2` · `
22(`−1)
= `−1
2

= 2`−1 .

Let the outer sum fix i. The inner sum computes the sum
of numbers from 1 to 2` − 1 − i. This reduces P to

Thus pr ≤ 2`−1 .

=

Claim 8. There exists a representation r with upper
bound point locality pr = 2`−1 .
Proof. In this proof, we reduce the problem of constructing a representation r with upper bound locality
pr = 2`−1 to that of assigningPintegers in [0, 2` ) to
vertices in the `-cube such that
∆ŝi s is maximized.
Harper [23] also demonstrates an algorithm assigning
P
numbers to vertices that provably maximizes
∆ŝi s ,
as follows:
1. Assign 0 to a random vertex. Let n be the number
of ‘1’ bits in that vertex.
2. Assign the integers {1, ..., 2`−1 − 1} randomly to
vertices (bitstrings) whose number of constituent 1s
have the same parity as n.
3. Assign the remaining numbers {2`−1 , ..., 2` − 1}
to the leftover vertices at random. These are the
vertices whose number of constituent 1s have the
opposite parity as n.
P
Maximizing
∆ŝi s is equivalent to maximizing pr , so
such a representation exists.
Having explored the properties of point locality for
single-bit mutations, we turn our attention to general locality and distance distortion for any variation operator.

n
X

i+

i=1

n−1
X
i=1

i + ··· +

1
X

i

i=1

where we let n = 2` − 1 for simplicity. Using the facts
that the sum of the first m natural numbers is 21 m(m+1)
and the sum of the first m squares is 61 m(m+1)(2m+1),
we have
n
1X
i(i + 1)
=
2 i=1
!
n
n
1 X 2 X
=
i +
i
2 i=1
i=1


1 1
1
=
n(n + 1)(2n + 1) + n(n + 1)
2 6
2


n(n + 1) 2n + 1
=
+1
4
3


n(n + 1) 2n + 4
=
4
3
1
= n(n + 1)(n + 2).
6
Substituting n = 2` − 1 back into the equation yields:

1 `
(2 − 1)(2` )(2` + 1).
6
Since G is the sum of the Hamming distances between
C. General Locality
all unique pairs of bitstrings, it is equivalent to
We begin our analysis of general locality by proving
 
`
1 `X `
a lower bound on its value, and continue by proving
G= 2
i
,
2 i=1 i
the asymptotic equivalence of all nonredundant binary
integer representations under this metric.

because for each of the 2` bitstrings, a bitstring has `i
1
1 `
`
`
2(`−1)
Theorem 9. gr ≥ 2` ( 6 (2 −1)(2 )(2 +1)−`2
). other bitstrings with Hamming distance i (choose i of
(2)
the ` bits to be flipped). We divide by two because we
P
def
p
g
Proof. gr = 21`
|d
(s
,
s
)
−
d
(s
,
s
)|
count each pair twice. We can simplify G, obtaining
1
2
1
2
( 2 ) (s1 ,s2 )∈S`


`
(by definition). Using the triangle inequality, we get
X
` `−1
`−1
=2
i·
X
1
i i−1
gr ≥ 2` 
(dp (s1 , s2 ) − dg (s1 , s2 ))
i=1

` 
2 (s1 ,s2 )∈S`
X
`−1


= `2`−1
X
X
i−1
1
i=1
= 2`  
dp (s1 , s2 ) −
dg (s1 , s2 )
`−1 `−1
= `2 2
2
(s1 ,s2 )∈S`
(s1 ,s2 )∈S`
=

=

= `22(`−1) .

1

 (P − G),
2`

Substituting P and G back into gr yields

2

P

p

where we let P =
(s1 ,s2 )∈S` d (s1 , s2 ) and G =
P
g
(s1 ,s2 )∈S` d (s1 , s2 ). Since P only deals with phenotypes in N, it is equivalent to
P =

`
`
2X
−1 2X
−1

i=0 j=i+1

gr ≥
=

(j − i) .

1
2`
2

 (P − G)


1
2`
2




1 `
`
`
2(`−1)
(2 − 1)(2 )(2 + 1) − `2
.
6

1 `
1
`
`
2(`−1)
)
` ( (2 −1)(2 )(2 +1)−`2
(22 ) 6
for any representation r on ` bits. That is, as ` grows, the
value of gr is independent of the actual representation.

Theorem 10. gr ∼

Proof. The key intuition behind this proof is that for
nonredundant binary-integer representations, as ` grows,
the phenotypic distances grow at an asymptotically
greater rate than the genotypic distances. We can separate the phenotypic distances from the genotypic distances by partitioning S` into two sets S` = S`p t S`g ,
where t denotes disjoint union:
S`p = {(s1 , s2 ) ∈ S` |dp (s1 , s2 ) > dg (s1 , s2 )},
S`g

p

g

= {(s1 , s2 ) ∈ S` |d (s1 , s2 ) ≤ d (s1 , s2 )}.

In other words, S`p contains all the pairs in S` where
the two bitstrings have greater phenotypic (Euclidean)
distance than genotypic (Hamming) distance, and S`g
contains all pairs where the two bitstrings have greater or
equal genotypic distance than phenotypic distance. We
can rewrite gr as (letting C = 21` )
(2)
X
1
|dp (s1 , s2 ) − dg (s1 , s2 )|
gr = 2` 
2

(s1 ,s2 )∈S`

= C(P (`) + G(`)),
where we let
X

P (`) =

(dp (s1 , s2 ) − dg (s1 , s2 )),

We can now perform a similar analysis for P (`)
and P (`) + G(`). Note that G(`) ≤ |S`g |(` − 1) ≤
g
1 `
1 2 `
2 ` 2 − 2 `2 since any pair in S` can have a maximum
dg − dp of ` − 1. Thus G(`) = O(`2 2` ). Also note that
`
`
P (`) ≥ |S`p | ≥ 2 (2 −`−1)
since any pair in S`p can
2
p
g
have a minimum d − d of 1. Thus P (`) = Ω(22` ).
Consider
lim

`→∞

since P (`) = Ω(22` ) grows faster than G(`) = O(`2 2` ),
and so P (`) + G(`) ∼ P (`). Now we can make a
statement about gr . We have
1
gr = P (`) + G(`)
C
P (`) + G(`)
gr
= lim
lim
`→∞
`→∞ CP (`)
P (`)
gr
lim
= 1.
`→∞ CP (`)
Thus gCr ∼ P (`). Since |S`p | ∼ |S` | and CP (`) ∼ gr ,
we replace S`p with S` in the P (`) summation to obtain
(recall C = 21` )
(2)
X
1
(dp (s1 , s2 ) − dg (s1 , s2 ))
gr ∼ 2` 


X
(dg (s1 , s2 ) − dp (s1 , s2 )).

=

(s1 ,s2 )∈S`g

|S`g |

1
2 (2`

(s1 ,s2 )∈S `

2

(s1 ,s2 )∈S`p

G(`) =

G(`)
P (`) + G(`)
= lim 1 +
`→∞
P (`)
P (`)
= 1 + 0 = 1,

`

`

− 1)2 since each of the 2
Note that
≤
bitstrings can have at most 2` − 1 bitstrings for which
their genotypic distance is greater or equal to their
phenotypic distance. This is because for an integer i ≥ `,
the integers between i − ` and i + ` can be represented
by bitstrings with genotypic distances greater than phenotypic distances j ≤ `, where we subtract 1 due to the
fact that each bitstring only has one other bitstring with
Hamming distance `. We then divide by two since we
count each pair twice. Thus |S`g | = O(`2` ). We can now
`
`
`
say |S`p | = |S` |−|S`g | ≥ 22 − 21 (2` − 1)2` = 2 (2 2−2`) ,
so |S`p | = Ω(22` ). Consider
|S`p | + |S`g |
|S` |
p = lim
`→∞ |S` |
`→∞
|S`p |


|S g |
= lim 1 + `p
`→∞
|S` |
= 1 + 0 = 1,
lim

since |S`p | = Ω(22` ) grows faster than |S`g | = O(`2` ).
Thus |S`p | dominates |S`g |, and |S` | ∼ |S`p |.

=

1 


2`
2

(s1 ,s2 )∈S `



1
2`
2


X



dp (s1 , s2 ) −

X

dg (s1 , s2 )

(s1 ,s2 )∈S `


1 `
`
`
2(`−1)
(2 − 1)(2 )(2 + 1) − `2
,
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which was found in the proof of Theorem 9. Thus gr and
1
1 `
`
`
2(`−1)
) are asymptotically
` ( (2 −1)(2 )(2 +1)−`2
(22 ) 6
equal for any representation r.
IV. C ONCLUSION AND F UTURE W ORK
Various properties of GEA representations have been
studied to help explain GEA behaviors, such as the number of induced local optima or the existence of Hamming
cliffs. Among these properties, locality is particularly
interesting to analyze, because it is independent of the
fitness landscape and can be computed precisely, which
is not always the case for other properties.
We make the distinction between point locality, which
estimates the sensitivity of phenotypic values to singlebit mutations in the genotype, and generalized locality,
which estimates the same sensitivity under more disruptive genotypic operators, such as crossover. By formally
deriving tight bounds on point locality, we can compare
directly the effects of different binary representation on

locality. For example, we can prove that no representation has “better” (lower) locality than standard binary
encoding or binary-reflected Gray encoding, but that
some other Gray encodings have worse locality.
Moreover, we can easily construct representations
of both “optimal” and “pessimal” representations. The
former offers more control over the GEA simulation,
because small changes in the genotype lead to small
changes in the phenotype, a desirable trait for the
exploitation phase of the GEA. On the other hand, a
representation with poor locality is closer to random
search, which may be more desirable for the exploration
phase of the GEA, or conversely, for fixed-budget GEAs
that need to cover a large subset of the search space with
as few computational resources as possible.
Both Rothlauf’s locality metric and our own equivalent point locality focus on the single-bit mutation
operator. Future work could explore other locality metrics or look at different operators, and perhaps combine
them with a crossover operator to expand on distance
distortion. In addition, we proved that generalized locality is not a useful metric for nonredundant binaryinteger representations, because it quickly converges to
the same value, regardless of representation. Future work
could compute the bounds for crossover locality metrics
that are better suited to describe this representation
domain. Another path for future research might be to use
other statistics as estimators of locality that grow more
slowly with the bitstring length, such as the minimum
phenotypic distance, maximum, or standard deviation.
Finally, we also plan to analyze the expected locality of
random representations to better understand the effects
on the mutation operator of changing representations
dynamically in adaptive GEAs.
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[7] E. Galván-López, J. McDermott, M. O’Neill, and A. Brabazon,
“Defining locality as a problem difficulty measure in genetic
programming,” Genetic Programming and Evolvable Machines,
vol. 12, no. 4, pp. 365–401, 2011.

[6] F. Rothlauf, Representations for Genetic and Evolutionary Algorithms, 2nd ed. Heidelberg, Germany: Springer, 2006.
[8] J. Gottlieb, B. A. Julstrom, G. R. Raidl, and F. Rothlauf,
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